Cell-free protein expression systems have become widely used in systems and synthetic biology. In this study, we developed an ensemble of dynamic E. coli cell-free protein synthesis (CFPS) models. Model parameters were estimated from a training dataset for the cell-free production of a protein product, chloramphenicol acetyltransferase (CAT). The dataset consisted of measurements of glucose, organic acids, energy species, amino acids, and CAT. The ensemble accurately predicted these measurements, especially those of the central carbon metabolism. We then used the trained model to evaluate the optimality of protein production. CAT was produced with an energy efficiency of 12%, suggesting that the process could be further optimized. Reaction group knockouts showed that protein productivity and the metabolism as a whole depend most on oxidative phosphorylation and glycolysis and gluconeogenesis. Amino acid biosynthesis is also important for productivity, while the overflow metabolism and TCA cycle affect the overall system state. In addition, the translation rate is shown to be more important to productivity than the transcription rate. Finally, CAT production was robust to allosteric control, as was most of the network, with the exception of the organic acids in central carbon metabolism. This study is the first to use kinetic modeling to predict dynamic protein production in a cell-free E. coli system, and should provide a foundation for genome scale, dynamic modeling of cell-free E. coli protein synthesis.
than random parameter sets generated within the same parameter bounds (Table 3) . For the other 8 measurements, the random AIC was lower 
137
The model captured the biphasic time course of CAT production. During 138 the first hour glucose powered protein production, and CAT was produced 139 at 8 µM/h; subsequently, pyruvate and lactate reserves were consumed to 140 power metabolism, and CAT was produced less quickly at 5 µM/h. Allosteric The importance of CFPS pathways was estimated using pathway group 163 knockout analysis (Fig. 7) . The metabolic network was divided into 19 re-164 action groups, spanning central carbon metabolism, energetics, and amino 165 acid biosynthesis. The response in the productivity or overall system state 166 was calculated for single or pairwise deletion of each of these reaction groups.
167
Lastly, the overall effect of the deletion of a pathway was estimated by sum- it is reasonable to consider the second phase as pyruvate-driven production.
205
Interestingly, while this mode of protein production was slower (5 µM/h),
206
it exhibited a higher energy efficiency (14%). Of the ATP generated, about 207 half was observed to come from oxidative phosphorylation in each of the two 208 phases of production (Table 1 , R atp). Another 30% was generated by glycol- The ensemble of models quantitatively described the dynamic time evo-253 lution of the cell-free protein production. Thus, the model could serve as 254 a surrogate to rationally design cell-free production processes to optimize 255 production rate and yield. In analyzing the effect of reaction groups on
256
CAT production and the system state, the regions of metabolism associated 257 with substrate utilization and energy generation were the most important.
258
Oxidative phosphorylation was vital, since it provides most of the energetic 
Materials and Methods
Formulation and solution of the model equations.
308
We used ordinary differential equations (ODEs) to model the time evo-309 lution of metabolite (x i ), scaled enzyme activity ( i ), transcription (m) and 310 translation (P) in an E. coli cell free metabolic network:
The quanity R denotes the number of metabolic reactions, M denotes the and (t o ) = 1 (initially we have 100% cell-free enzyme activity).
322
Metabolic reaction rates were written as the product of a kinetic term
323
(r j ) and a control term (v j ), r j (x, k) =r j v j . We used multiple saturation 324 kinetics to model the reaction termr j :
where V max j denotes the maximum rate for reaction j, i denotes the scaled 326 enzyme activity which catalyzes reaction j, K js denotes the saturation con- transfer functions and I j ∈ {min, max} in this study [21] . degradation was modeled as first-order in transcript:
where k d denotes the transcript degradation rate constant.
13
The symbolr X denotes the translation rate, which was modeled as:
where k X cat denotes the maximum translation rate, R X denotes the ribo- is not consumed.
370
Estimation of kinetic model parameters.
371
We estimated an ensemble of kinetic parameter sets using a constrained 
where D denotes the number of datasets (D = 37), between an upper and lower bound that varied by parameter type:
where P denotes the number of parameters (P = 815), which includes 204 
408
For each newly generated parameter set, we re-solved the balance equa- Lastly, a random ensemble of 100 parameter sets was generated within the 
where P ii denotes the first-order productivity knockout effect for reaction 438 group i, P ij denotes the pairwise productivity knockout effect for reaction 439 groups i and j, P total i denotes the total-order productivity knockout effect for 440 reaction group i, ∆CAT denotes the base case CAT productivity, ∆CAT ∆R i de-441 notes the CAT productivity when reaction group i is knocked out, ∆CAT ∆R i ∆R j 442 denotes the CAT productivity when reaction groups i and j are knocked out,
443
and |x| denotes the absolute value of x. The system state, defined as the 444 model predictions for all species for which experimental data exists, was also 445 recorded for each knockout and compared to the base case:
where S ii denotes the first-order system state knockout effect for reaction group i, S ij denotes the pairwise system state knockout effect for reaction 448 groups i and j, S (first-order and pairwise effects).
455
Sensitivity of CAT productivity to transcription and translation.
456
The catalytic rates of transcription and translation were sampled within 
where k 
where ∆ τ mRNA denotes the net accumulation of mRNA in phase τ (first, sec- 
480
Availability of model code.
481
The cell free model equations, and the parameter estimation procedure,
482
were implemented in the Julia programming language. The model equa-483 tions were solved using the CVODE solver of the SUNDIALS suite [47] , with 484 an absolute tolerance and relative tolerance of 1e −9 ; any sets exhibiting 
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Figure 2: Central carbon metabolism in the presence (top) and absence (bottom) of allosteric control, including glucose (substrate), CAT (product), and intermediates, as well as total concentration of energy species. Best-fit parameter set (orange line) versus experimental data (points). 95% confidence interval (blue or gray shaded region) over the ensemble of 100 sets. Figure 7: Effect of group knockouts on system. A. Change in CAT productivity when one (diagonal) or two (off-diagonal) reaction groups are turned off. B. Change in system state (only species for which data exist) when one (diagonal) or two (off-diagonal) reaction groups are turned off. Total-order effect for each group calculated as the sum of first-order effect and all pairwise effects. Larger and darker circles represent greater effects. S-2
